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On some transcendental values of the p-adic gamma function

Hamza Menken and Abdulkadir Aşan

Abstract. We study on the p-adic gamma function. We give some results on
transcendental values of the p-adic gamma function at certain p-adic Liouville
arguments.

1. Introduction

The classical gamma function Γ(z) is defined by the formula

Γ(z) =

∞∫
0

tz−1e−tdt

for any complex number with �(z) > 0. The transcendence of the values of the
gamma function Γ(z) at rational arguments have been studied for many decades.
For instance, Γ(1/2) is transcendental and equals to

√
π. Also, the numbers Γ(1/3)

and Γ(1/4) are transcendental ([6]). The algebraic independent of some values of
the gamma function Γ(z) at some rational arguments and certain transcendental
numbers were proved in [11], [20], [25] ( for detail see [27]).

The present paper is devoted to study of the p-adic analogue of the gamma
function at certain p-adic integers values. Let p be a prime number and let Zp and
Qp denote the ring of p-adic integers and the field of p-adic numbers, respectively.
For simplicity we assume that p is a odd prime number.

It is well known that the p-adic gamma function Γp is defined by Y. Morita
(1975) [19] as the continuous extension to Zp of the function n → (−1)n

∏
j<n

(p,j)=1

j ,

that is, Γp(x) is defined by the formula

Γp (x) = lim
n→x

(−1)n
∏
j<n

(p,j)=1

j

for x ∈ Zp, where n approaches x through positive integers. The p-adic gamma
function Γp(x) had been studied by J. Diamond (1977) [9], D. Barsky (1979) [2], T.
K. Kim (1997) [13]. and others. The relationship between some special functions
and the p-adic gamma function Γp(x) were investigated by B. Gross and N. Koblitz
(1975) [12], H. Cohen and E. Friedman (2008) [8] and I. Shapiro (2012) [24].
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We recall some properties of p-adic gamma function Γp: (for details see [10]
and [23] )
(i) For all x ∈ Zp

(1.1) Γp(x+ 1) = hp(x)Γp(x)

where

hp(x) :=

{
−x if |x|p = 1

−1 if |x|p < 1

(ii) For all x, y ∈ Zp

(1.2) |Γp(x)− Γp(y)|p ≤ |x− y|p .

and

Γp(x)Γp(1− x) = (−1)�(x) (x ∈ Zp)

where � : Zp → {1, 2, ..., p} assigns to x ∈ Zp its residue ∈ {1, 2, ..., p} modulo pZp.
Hence,

Γp(
1

2
)2 = (−1)

�( 1
2
)

and

Γp(
1

2
)2 =

{
1 if p ≡ 3 (mod 4)

−1 if p ≡ 1 (mod 4)

Thus, the role played by π = 3.14... is taken over by one of the numbers −1, 1. This
formula yields a proof for the existence of

√
−1 in Qp in the case of p ≡ 1 (mod 4).

Also, if p ≡ 3 (mod 4)) then

Γp(
1

2
) =

{
1 if ( 12 (p− 1))! ≡ 1 (mod p)

−1 if ( 12 (p− 1))! ≡ −1 (mod p)

and if p ≡ 1 (mod 4) then i ∈ Qp, i
2 = −1 and

Γp(
1

2
) =

{
i if ( 12 (p− 1))! ≡ −i (mod p)
−i if ( 12 (p− 1))! ≡ i (mod p)

In contrast to real case, the number Γp(
1
2 ) is algebraic. Also, it is clear that for

all natural number n, by the property (1.1) the numbers Γp(n+ 1
2 ) are algebraic.

In the present paper we discuss the transcendence of the p-adic gamma function
Γp(λ) when λ is a p-adic Liouville number. Now, we recall the definition of a p-adic
Liouville number.

Definition 1.1. ([7], [23]) Let λ be a p-adic integer. If

lim
n→∞

inf n

√
|n− λ|p = 0,

then λ is called a p-adic Liouville number.
According to this definition, λ ∈ Zp is a p-adic Liouville number if and only if

there exists a sequence of positive integers an such that

lim
n→∞

n

√
|an − λ|p = 0.

It is clear that the series α =
∑∞

n=0 p
n! converges for all prime p and its sum is

a p-adic Liouville number.
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The definition above is first introduced by D. Clark [7] and it is better adapted
to p-adic differential equations, and also there are many applications to the p-
adic differential equations.(for details see [22]). We note that the set of p-adic
Liouville numbers forms a dense subset of Zp and every p-adic Liouville number is
transcendental over Q (for detail see [23]).

In general case the p-adic transcendental numbers have been studied by K.
Mahler (1939) [15], W. W. Adams (1966) [1], X. Long Xin (1989) [26], K. Nishioka
(1990) [21] and others. As a special case the p-adic Liouville numbers have been
studied in [3], [5], [16]-[18] and others (For detail see [4], Section 9.3) .

In the present work we show that if λ ∈ Zp is a p-adic Liouville number the
Γp(λ) must be transcendental. Also, to guarantee that Γp(λ) is a p-adic Liouville
number we give some conditions on λ ∈ Zp.

2. Main Results

Fist we obtain the following result.

Lemma 2.1. If λ ∈ Zp\N, then Γp (λ) ∈ Zp\N.
Proof. Let

λ = a0 + a1p+ · · ·+ anp
n + · · ·

be the p-adic expansion of λ. Since λ ∈ Zp\N, there exist infinitely many natural
numbers n such that an �= 0. By ank

we denote the all non-zero terms an, means
that ank

�= 0 for all k = 1, 2, · · · and the other terms equal to zero. Let sn =
a0 + a1p+ · · ·+ anp

n be the partial sum of λ. Hence,

snk
= an0

pn0 + an1
pn1 + · · ·+ ank

pnk =

k∑
i=0

ani
pni .

Since lim
k→∞

snk
= λ (with respect to the p-adic norm |·|p), we can write

Γp (λ) = lim
k→∞

Γp (snk
) = lim

k→∞
(−1)snk

∏
1≤j<snk

(p,j)=1

j.

Now we must show that Γp (λ) ∈ Zp\N. Assume that Γp (λ) ∈ N. Then, the p-adic
expansion of Γp (λ) must be finite. Let the p-adic expansion of Γp (λ) be

Γp (λ) = b0 + b1p+ · · ·+ bmpm.

where 0 ≤ bi ≤ p− 1 and bm �= 0.
Since lim

k→∞
Γp (snk

) = Γp (λ), the p-adic expansion of Γp (snk
) must be finite and

equal to Γp (λ) = b0 + b1p+ · · ·+ bmpm for k ≥ k0. But, it is impossible. In fact,
for any k2 > k1 ≥ k0, then we can write

snk1
= an0

pn0 + an1
pn1 + · · ·+ ank1

pnk1

snk2
= an0

pn0 + an1
pn1 + · · ·+ ank1

pnk1 + ...+ ank2
pnk2 .

Since ank
�= 0 for all positive integer k we conclude that Γp

(
snk1

)
�= Γp

(
snk2

)
.

Hence, the p-adic expansion of Γp (λ) can not be finite, and Γp (λ) ∈ Zp\N. �
Now by using the lemma we prove the following results.

Theorem 2.2. If λ ∈ Zp is a p-adic Liouville number, then Γp (λ) is transcen-
dental.
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Proof. Since λ ∈ Zp is a p-adic Liouville number, then by Definition 1.1

lim
n→∞

inf |λ− n|
1
n
p = 0.

So, for any ε > 0 there is a sequence of natural numbers (zn) such that

0 < |λ− zn|
1
n
p < ε

for all n ∈ Z+. It is clearly that Γp (zn) ∈ Z, since (zn) ⊆ N. By the property (1.2)
we can write

|Γp (λ)− Γp (zn)|
1
n
p ≤ |λ− zn|

1
n
p < ε.

Now we show that Γp (λ) is transcendental. Assume that Γp (λ) is an algebraic
number of degree m (≥ 1). By the p-adic version of Thue-Siegel theorem ([14]),
the inequality

0 <
∣∣∣Γp (λ)−

a

b

∣∣∣
p
<

1

H
(
a
b

)m
has only finitely many solutions in Q. We denote these solutions by a1

b1
, a2

b2
, ..., aN

bN
.

Let M = max
1≤i≤N

{
H

(
ai

bi

)}
where H

(
ai

bi

)
is the height of the number ai

bi
, i.e.,

H
(

ai

bi

)
= max{|ai| , |bi|}. Hence, the inequality

0 < |Γp (λ)− x|p <
1

Mm

has only finitely many solutions in Q . But, if we choose ε = 1
M , since λ ∈ Zp is a

p-adic Liouville number, there is a natural number N0 such that the inequality

0 < |Γp (λ)− Γp (zn)|p ≤ |λ− zn|p <
1

Mn
.

holds for all n ≥ N0. By Lemma 2.1, Γp (λ) has an infinitely p-adic expansions and
the sequence Γp (zn) have infinitely many distinct values. Thus, the inequality

0 < |Γp (λ)− Γp (zn)|p <
1

Mn
≤ 1

Mm

holds for all n ≥ max {N0,m}. This contradiction shows that Γp (λ) is transcen-
dental. �

Theorem 2.3. Let λ ∈ Zp. Suppose for each ε > 0 there exists a sequence of
even natural number (zn) such that

0 < |λ− zn|
1
n
p < ε.

for all n ≥ n0. Then,
a) λ is a p-adic Liouville number,
b) Γp (λ) is a p-adic Liouville number.

Proof. a) It is clear from the definition of a Liouville number.
b)According to Lemma 2.1, we have Γp (λ) ∈ Zp\N. We know that the inequal-

ity
|Γp (x)− Γp (y)|p ≤ |x− y|p

holds for all x, y ∈ Zp. For given any ε > 0, using this inequality and the hypothesis
of the theorem, there exists n0 ∈ N such that

|Γp (λ)− Γp (zn)|
1
n
p ≤ |λ− zn|

1
n
p < ε
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for all n ≥ n0. Hence, the inequality

|Γp (λ)− Γp (zn)|
1
n
p < ε

holds for all n ≥ n0 Since (zn) a sequence of even natural numbers, we have that
Γp (zn) ∈ N. On the other hand, it follows from the conditions

Γp (λ) ∈ Zp\N
and

lim
n→∞

Γp (zn) = Γp (λ)

that (Γp (zn)) is an infinitely sequence of natural numbers Thus, we have

lim
n→∞

inf |Γp (λ)− Γp (zn)|
1
n
p = 0.

By Definition 1.1, Γp (λ) is a p-adic Liouville number. �
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