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Fermionic Particle Production by Varying Electric and Magnetic Fields∗
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Abstract Creation of fermionic particles by a time-dependent electric field and a space-dependent magnetic field
is studied with the Bogoulibov transformation method. Exact analytic solutions of the Dirac equation are obtained in
terms of the Whittaker functions and the particle creation number density depending on the electric and magnetic fields
is determined.
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1 Introduction

There has been an increasing interest in the mech-

anism of pair creation by strong electric fields after

the pioneer studies of Sauter,[1] Heisenberg and Euler[2]

and Schwinger.[3] Since then, the creation of scalar and

fermionic particles from the unstable vacuum in the pres-

ence of external electric fields become a very important

phenomenon in the quantum electrodynamics (QED). The

widely used formula in these studies for calculation of

the particle-creation rate is derived by Schwinger using

the proper-time method and given as (in natural units,

~ = c = 1):[3]

ω =
(eE)2

4π3

+∞∑
n=1

1

n2
exp

(
− nπm2

eE

)
, (1)

where E is electric field and m and e are the mass and

charge of the electron. This formula ignores the collective

interactions of the created particles and their effect to the

initial field. Based on this formula, the particle-creation

process in external electric field is appreciable above the

critical value of electric field, Ecr ≃ 1016 V/cm. The criti-

cal electric fields can be attainable in the modern particle

colliders in heavy-ion collisions[4] and in the X-ray elec-

tron laser facilities.[5] Moreover, according to the recent

studies such strong electric fields can be generated at the

surface of the quark and neutron stars.[6]

After the discovery of the Higgs particle we ensure that

the vacuum is not a zero-field state and it can be fluc-

tuated by external field sources. Since the instability of

the vacuum is generated by the contraction or expansion

of the spacetime, this mechanism has started to play an

important role also in cosmology to understand for exam-

ple the source of the considerable entropy of the present

universe.[7−8]

Particle creation in the presence of strong electric fields

have been discussed by different authors and recently it

has become one of the most studied phenomena of the

QED. Among the many authors,[9−17] Kleinert et al.[10]

studied fermion creation in space- or time-dependent elec-

tric fields via semiclassical approximation. Kim and

Page[11] have studied Schwinger pair production mecha-

nism in spinor and scalar QED for space-dependent elec-

tric and magnetic fields by applying the instanton method.

Kluger et al.[10] have studied the fermion pair production

by using adiabatic regularization method. Also, Tanji[4]

has studied the Klein–Gordon and Dirac equations with

the use of a damping electric field for investigating numer-

ically the particle creation related to instantaneous pos-

itive and negative frequency solutions and discussed the

time evaluation of the distributions.

In this paper we study the fermionic particle creation

by considering combined electric and magnetic fields, that

is a different configuration from the above mentioned stud-

ies. The Dirac equation is solved exactly in the exis-

tence of combined exponentially damping electric field

and space-dependent magnetic field. These fields are con-

structed from a 4-vector electromagnetic potential

Aε =
[
− B0

ν
e−νxδ2ε +

E0

ξ
e−ξtδ3ε

]
, (2)

where B0, E0, ν and ξ are constants and the Greek in-

dex ε = 0, 1, 2, 3 belonging to time t and cartesian space

coordinates x, y, z, respectively.

The form of the electric field represents a definite situ-

ation as it tends to zero for t → ∞. In the literature,

some authors conclude that there is an essential rela-

tion between the electrodynamics of a constant field and

thermodynamics.[9] Spokoiny has shown that if the electric

field derived from Eq. (2) is the asymptotic of the damping

∗Supported by the Research Fund of Mersin University in TURKEY with project number: 2016-1-AP4-1425
†E-mail: kenansogut@gmail.com

c⃝ 2016 Chinese Physical Society and IOP Publishing Ltd

http://www.iopscience.iop.org/ctp http://ctp.itp.ac.cn



522 Communications in Theoretical Physics Vol. 66

field at t→ ∞, particles can be produced with a thermal

spectrum. In the present study, we consider this effect by

adding a space-dependent magnetic field that appears in

some applications of semiconductor heterostructures and

graphene.[18−19]

The form of the vector potential (2) verifies the Lorentz

gauge. From the electromagnetic field tensor the Lorentz

invariants are found to be

FπϱFπϱ = 2(B2 − E2) = 2(B2
0 e

−2νx − E2
0 e

−2ξt) , (3)

FπϱF ∗
πϱ = 4E⃗ · B⃗ = 4B0E0 e

−(νx+ξt) . (4)

Then, we infer that electric and magnetic fields will con-

tinue simultaneously in all Lorentz frames.

We apply the Bogoulibov transformation technique for

calculating the number density of the created particles.

The positive and negative frequency states are identi-

fied with a quasiclassical method. The approach is that,

first exact solution for the Hamilton–Jacobi equation is

obtained and it is evaluated for the asymptotic behav-

ior. Then, Dirac equation is solved analytically and the

eigenfunctions are computed and compared with the qua-

siclassical solutions to define the positive and negative fre-

quency states.

2 Solutions of the Hamilton–Jacobi Equation

For the identification of positive and negative fre-

quency modes we follow the method based on the exact

solution of relativistic Hamilton–Jacobi (HJ) equation.[7]

This method allows to identify the behavior of solutions

in the asymptotic regions.

The relativistic HJ equation for the action S is given

by:[7]

ηϵθ
[ ∂S
∂xϵ

− eAϵ

][ ∂S
∂xθ

− eAθ

]
+m2 = 0 , (5)

where ηϵθ = (1,−1,−1,−1) is the Minkowski metric, the

Greek indices ϵ and θ run from 0 to 3, m is the mass of the

particle and Aϵ is the 4-vector electromagnetic potential.

Since Aϵ given by (2) depends on the time and x coordi-

nate of the space, we can separate the solution of the HJ

equation as:

S(t, x⃗ ) = F (x) +Q(t) + (yky + zkz) . (6)

Here ky and kz are conserved momenta resulting from the

symmetries of given electromagnetic gauge (2). Substitu-

tion of Eq. (6) into Eq. (5) yields

Q̇2 − F́ 2 −
(
kz −

eE0

ξ
e−ξt

)2

−
(
ky +

eB0

ν
e−νx

)2

+m2

= 0 , (7)

where dot and acute represent derivatives with respect to

t and x.

Equation (7) yields two first order differential equa-

tions as

Q̇2 −
(
kz −

eE0

ξ
e−ξt

)2

= c2, (8)

F́ 2 +
(
ky +

eB0

ν
e−νx

)2

−m2 = c2, (9)

where c2 is the constant of separation. By defining the

variable ϱ = e−ξt Eq. (7) becomes

Q(ϱ) = − 1

ξ2

∫ ∞

0

√
s1
ϱ2

+
s2
ϱ

+ (e2 + E2
0) dϱ , (10)

where s1 = ξ2(c2 + k2z), s2 = −2ξkzeE0.

Since the pair creation is caused by the time-dependent

external field the dynamics caused by the space coordi-

nates effect the solutions only by a constant and we obtain

the solution of the HJ equation for electromagnetic gauge

(2) as follow

S(ϱ, x⃗) = C(x⃗)

− 1

ξ2

∫ ∞

0

√
s1
ϱ2

+
s2
ϱ

+ (e2 + E2
0) dϱ , (11)

where C(x⃗) is a constant. The dependence of the solution

on time is derived by ψ → e iS . Then, the asymptotic

behaviour of the relativistic wave function is obtained in

the following form

ψ(ϱ→∞) = e iS → C1(x⃗) e
∓iξ

√
k2
z+c2 ln ϱ, (12)

ψ(ϱ→0) = e iS → C2(x⃗) e
±i(eE0ϱ±2ξkz ln ϱ). (13)

Therefore, the upper and lower signs correspond to the

negative and positive-frequency modes.

3 Solutions of the Dirac Equation

The Dirac equation for massive spin-1/2 in external

electromagnetic fields is given by[20]

[iγε∂ε + eAεγ
ε −m]ψ = 0 , (14)

where γε are Dirac matrices given in terms of usual Pauli

spin matrices σ⃗ as γ0 = (
I 0

0 −I
) and γ⃗ = ( 0 σ⃗

σ⃗ 0
), m and

e are the mass and charge of the electron, and ψ is the

four-component spinor.

The Dirac equation results in four coupled differen-

tial equations for the spinor. In general, exact analytical

solutions of this form of the equation are difficult to ob-

tain, especially for mathematically complicated external

fields. To overcome this difficulty, Feynmann and Gell–

Mann proposed a two-component form of the Dirac equa-

tion for electromagnetic fields as follow[21]

[(P⃗ − eA⃗ )2 +m2 − eσ⃗ · (B⃗+ iE⃗ )]ϕ = (p0 − eA0)
2ϕ , (15)

where σ⃗ are usual Pauli matrices and ϕ = (
ϕ1

ϕ2
) are

the solutions of the two-component equation. The four-

component spinor can be derived from ϕ as follow

ψ =

(
[σ⃗ · (P⃗ − eA⃗ ) + (p0 − eA0) +m]ϕ

[σ⃗ · (P⃗ − eA⃗ ) + (p0 − eA0)−m]ϕ

)
. (16)

Therefore, in order to obtain exact solutions we follow

the two-component formalism and use the electromagnetic

gauge that results in parallel electric and magnetic fields.

Since the gauge field depends on x coordinate and t, both
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Py and Pz are constants of the motion and solutions can

be written in the form

ϕ = e i(yky+zkz)

(
χ1(x)T1(t)

χ2(x)T2(t)

)
. (17)

Hence, with the usage of Eqs. (2) and (17), Eq. (15) be-

comes

[F̂ (x) + Q̂(t)]χs(x)Ts(t) = 0 , (18)

where the spin index s has the ±1 eigenvalues correspond-

ing to the spinors ϕ1 and ϕ2, respectively and operators

are defined as

F̂ (x) = − d2

dx2
+ k2y + k2z +m2 +

e2B2
0

ν2
e−2νx

+ eB0 e
−νx

(2ky
ν

− s
)
, (19)

Q̂(t) =
d2

dt2
+
e2E2

0 e
−2ξt

ξ2
− eE0

(2kz
ξ

+ is
)
e−ξt. (20)

Equation (18) can be separated as follows:

[F̂ (x)− b2]χs(x) = 0 , (21)

[Q̂(t) + b2]Ts(t) = 0 , (22)

where b2 is the constant of separation.

By introducing the variable κ = 2eB0 e
−νx/ν2 and

defining χs = eνx/2gs(κ), Eq. (21) becomes{ d2

dκ2
+

1

κ2

[1
4
+
b2 − (k2y + k2z +m2)

ν2

]
+

1

κ

(s
2
− ky

ν

)
− 1

4

}
gs(κ) = 0 . (23)

This is the Whittaker equation[22] and solutions are given

in terms of the Whittaker functions as

gs(κ) = [AWλ̃,µ̃(κ) +BMλ̃,µ̃(κ)] , (24)

where µ̃ = ±
√
k2y + k2z +m2 − b2/ν, λ̃ = (s/2 − ky/ν)

and A, B are constants. Conditions for the Whittaker

functions must be bounded for the variable is given by[22]

1

2
+ µ̃− λ̃ = −n , (25)

and taking the positive value of µ we obtain

b =
√
k2z +m2 − νN(νN + 2ky) , (26)

where N = (n+(1− s)/2), this expression of b reveals the

motion of particle in (y, z) plane is quantized. The reason

of taking the positive value for b is the form of Fermi–

Dirac thermal distribution, in which the energy term has

positive sign.

By defining the comoving time as ρ = (2ieE0/ξ
2) e−ξt,

Eq. (22) reduces[ d2

dρ2
+

1

ρ2

(1
4
+
b2

ξ2

)
+
1

ρ

(
− s

2
+

ikz
ξ

)
− 1

4

]
fs(ρ) = 0 , (27)

where Tj(ρ) = eξt/2f(ρ). This is the Whittaker equation

and solutions are given by[22]

fj(ρ) = [CWλ,µ(ρ) +DMλ,µ(ρ)] , (28)

where µ = ±ib/ξ, λ = −s/2 + ikz/ξ and C, D are con-

stants.

Therefore exact solutions are given by

ϕ = e i(yky+zkz) e(ξt+νx)/2[AWλ̃,µ̃(κ) +BMλ̃,µ̃(κ)]

× [CWλ,µ(ρ) +DMλ,µ(ρ)] . (29)

Complete components of the spinor can be derived by in-

serting Eq. (29) into Eq. (17).

4 Bogoliubov Transformation Method

The Bogoliubov transformation method is a technique

that associates a canonical commutation relation algebra

or a canonical anti-commutation relation algebra into an-

other representation, caused by an isomorphism.[23−24] It

is a way of understanding the important topics of the

physics such as particle creation mechanism, Hawking ra-

diation and Unruh effect.

In the Minkowskian QFT, eigenfunctions of the field

equation, ψ, can be written with the help of the mode

solutions as[23]

ψ =
∑
n

(anτn + a†nτ
∗
n) =

∑
k

(bkΥk + b†kΥ
∗
k) , (30)

where we have the relations (τi, τj) = δij , (τ
∗
i , τ

∗
j ) = δij ,

(τi, τ
∗
j ) = 0 and (Υi,Υj) = δij , (Υ

∗
i ,Υ

∗
j ) = δij , (Υi,Υ

∗
j ) =

0 for τ and Υ are mode solutions. The τ and Υ can be

expanded in terms of each other.

The creation and annihilation operators a†n, b
†
k and

an, bk are in correlation by the following expressions

an =
∑
k

(αknbk + β∗
knb

†
k) , (31)

bk =
∑
n

(α∗
knan − β∗

kna
†
n) , (32)

αkn and βkn are Bogoliubov coefficients determined by

αij = (Υi, τj), βij = −(Υi, τ
∗
j ). They are related as∑

i

(αniα
∗
ki − βniβ

∗
ki) = δnk , (33)∑

i

(αniβki − βniαki) = 0 . (34)

Let |0a⟩ and |0b⟩, are two states of vacuum in the Fock

space and are related to each particle notion in (30). They

are represented for all n and k as

|0a⟩ : an|0a⟩ = 0 , (35)

|0b⟩ : bk|0b⟩ = 0 . (36)

If |0b⟩ is introduced as the usual vacuum, then |0a⟩ is re-
garded as a many-particle state. Therefore, the number

of Υn-mode particles in the state of |0a⟩ is

⟨0a|b†kbk|0a⟩ =
∑
n

|βkn|2. (37)

If the τn(x) are defined as positive frequency modes and

the Υn(x) modes are linear unification of them, then

βjk = 0. Then, bk|0b⟩ = 0 and ak|0a⟩ = 0. Hence, τj and
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Υk modes have a common vacuum state. If βjk ̸= 0, then

Υk contain a combination of positive-τk and negative-τ∗k
frequency modes.

5 Particle Production

In order to investigate the particle creation we explore

the positive and negative frequency Minkowskian “in” and

“out” regions. Since the particle creation is an effect in-

duced by the electric field,[20] the time-dependent com-

ponents of the wave function will be used in steps of the

identification of “in” and “out” vacuum solutions.

Therefore with the help of these solutions we can an-

alyze the modes that behave as positive and negative fre-

quency. We proceed to obtain the asymptotic behavior of

the solutions of the Dirac equation in the neighborhood

of the time singularities.

The asymptotic behavior of Wλ,µ(ρ) for ρ→ ∞ is[22]

Wλ,µ(ρ) → e−ρ/2ρλ. (38)

Then, as ρ → ∞ the positive and negative frequency

modes are

f+∞ = A+
∞Wλ,µ(ρ) , (39)

f−∞ = [A+
∞Wλ,µ(ρ)]

∗ = A+
∞W−λ,µ(−ρ) . (40)

Therefore, in the limit of ρ→ ∞ the asymptotic behaviour

of the solution of Eq. (27) will be as

f(ρ) = A+
∞Wλ,µ(ρ) +A+

∞W−λ,µ(−ρ) , (41)

which has the analogous behavior of Eq. (12).

Similarly, the asymptotic behavior ofMλ,µ(ρ) as ρ→ 0

is[23]

Mλ,µ(ρ) → e−ρ/2ρµ+1/2 , (42)

and positive and negative frequency modes as ρ→ 0 are

f+0 (ρ) = B+
0 Mλ,µ(ρ) , (43)

f−0 (ρ) = [B+
0 Mλ,µ(ρ)]

∗

= B+
0 (−1)−µ+1/2Mλ,−µ(ρ) , (44)

where the coefficients B are reel arbitrary constants.

Hence, the asymptotic behavior of the solution of Eq. (27)

has the following form for ρ→ 0

f(ρ) = B+
0 Mλ,µ(ρ) +B+

0 (−1)−µ+1/2Mλ,−µ(ρ) , (45)

which has the similar behavior of Eq. (13).

On account of obtaining the single particle states for

ρ → 0 and ρ → ∞ we can obtain the number density

of the created fermionic particles with the help of the Bo-

goliubov coefficients that are derived by using the positive

and negative-frequency solutions. The positive-frequency

mode at ρ→ ∞ can be written as a linear combination of

the positive and negative frequency modes at ρ → ∞ in

the form

f+∞(ρ) = αf+0 (ρ) + βf−0 (ρ) . (46)

With the help of below relation given for the Whittaker

functions,[22]

Wλ,µ(ρ) =
Γ(−2µ)

Γ(1/2− µ− λ)
Mλ,µ(ρ)

+
Γ(2µ)

Γ(1/2 + µ− λ)
Mλ,−µ(ρ) , (47)

we find α and β coefficients as follows:

α =
A+

∞
B+

0

Γ(−2µ)

Γ(1/2− µ− λ)
, (48)

β =
A+

∞
B+

0

Γ(2µ)

Γ(1/2 + µ− λ)
( e iπ)µ−1/2. (49)

From these expressions we obtain

|α|2

|β|2
= e2πb/ξ

|Γ[1 + i((b− kz)/ξ)]|2

|Γ[1− i((b+ kz)/ξ)]|2
, (50)

for spin-up case.

By using the following formula for Gamma func-

tions[22]

|Γ(1 + iz)|2 =
πz

sinh(πz)
, (51)

and considering the normalization condition of the wave

function due to the Fermi–Dirac statistics, |α|2+ |β|2 = 1,

the number density of the created particles is obtained as

follow

N ≃ |β|2 =
1

1 + e2πb/ξ(v sinhπṽ/ṽ sinhπv)
, (52)

where v = ((b− kz)/ξ), ṽ = (b+ kz)/ξ and b is given by

Eq. (26).

6 Conclusion

The two-component formalism for the Dirac equation

proposed by Feynmann and Gell–Mann is used to study

the fermionic particle production in the presence of an

exponentially damped time-dependent electric field and

a magnetic field depending on inverse square of position.

The exact solutions are obtained in terms of the Whit-

taker functions. We should note that these solutions are

also valid for the Klein–Gordon particles in the case of

s = 0. The “in” and “out” vacuum states are identified

with the help of the asymptotic solutions of relativistic HJ

equation. They are related by the Bogoliubov coefficients

that are used to calculate the particle creation number

density.

Particle creation number density given in Eq. (52) is

not in Fermi–Dirac thermal form. The production of the

particles come on the neighborhood of the time singular-

ities with vanishing momentum along the field and they

are accelerated up to the longitudinal momentum kz. Par-

ticles produced by the influence of the weak residual re-

sponse of the electric field become to have very small mo-

mentum kz. For the limit kz → 0 number density given

in Eq. (52) takes the Fermi–Dirac thermal form

N = |β|2 ≃ 1

1 + e2πb/ξ
, (53)
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with a temperature T = ξ/2π. The electric field does not

vanish except for t → ∞. The thermal form of the parti-

cle creation spectrum is obtained by the whole damping of

the electric field, which is the similar case studied in black

holes where the whole horizon creates the particle.[9] The

results we obtained by Eqs. (52) and (53) are consistent

with the results of Ref. [9] in which a similar electric field

was considered alone for the problem. It can be easily

seen that for the vanishing magnetic field resulting from

Eq. (2), the number density given by Eq. (52) can be re-

duced to the result of Ref. [9].
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