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Abstract. In this parer, we consider Padovan numbers with different initial values. We
define the Gadovan numbers which generalizes a new class of Padovan numbers, and we
derive Binet-like formulas, generating functions, exponential generating functions for the
Gadovan numbers. Also, we obtain binomial sums, some identities and a matrix of the
Gadovan numbers.
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1. INTRODUCTION

The Padovan sequence is named after Richard Padovan who attributed its discovery to
Dutch architect Hans van der Laan in his 1994 essay Dom. Hans van der Laan : Modern
Primitive. The sequence was described by lan Stewart in his Scientific American column
Mathematical Recreations in June 1996. He also writes about it in one of his books, "Math
Hysteria: Fun Games With Mathematics".

In [4,5] the Padovan sequence {Pn} is defined by a third order recurrence:

P

n+3

=P_,+P, n>0 (1)

with the different initial conditions P, =1, B, =0 and P, =1. The first few members of this
sequence is given as follow:

n 0 1 2 3 4 8 9 10 |11

ol
»
~

P 1 0 1 1 1 2 2 3 4 5 7 9

n

From [2], the recurrence (1) involves the characteristic equation
x}—x-1=0 (2)
If its roots are denoted by q,,q, and g,, then the following equalities can be derived:
0,+0,+0; =0

0,0, + 0,05 +0,0, =1
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0,0,0; =1

Moreover, the Binet formula for the Padovan sequence is

P, = p,a; + p,d; + Pyds (3)
where
0,0, +1 Q,0; +1 0,q, +1
p = , P, = and p,= .
Yo -a) (0 -a,) " T (d,—9) (0 —0y) > (0,-9)(0;—a,)

The Padovan matrix is defined by [6]

010
Q.=|0 0 1.
110
The n th power of Q, gives
I:)n—3 P—l n-2
QS = Pn—2 Pn F)n—l '
Pn—l Pn+l Pn

Here, for convenience we take P, =0 and P, =0.
2. GADOVAN NUMBERS

The Gadovan sequence {GP, } is defined by the third order recurrence

GP

n+3

~GP

n+1

+GP, n>1 (4)

with the initial conditions GP,=a, GP,=b and GP,=c. The first few members of this
sequence is given as follows

n |11]2 3|4 |5 |6 7 8 9

GP |a|b|c|a+b | b+c | a+b+c | a+2b+cC a+2b+2c 2a+3b+2c

n

Theorem 2.1. Let {GP, } be n th Gadovan number. Then,
GP,=aP, ,+bP, ,+cP ;, nx>4 (5)
Proof: We establish this using principle of mathematical induction. Since,

GP, =aPR, +bP, +ch, =a+b
and
GP, =aP, +bP, +cP,=b+c
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the result is true for n=4,5. Assume that the relation is true for all positive integers n<k.
Then,
ka+3 = GPk+1 + GPk

=aP_,+bP_,+cP_,+aP,_,+bP _,+cP,_,
=a(R_;+P_,)+b(R,+R_,)+c(R_,+P._)
=aP_,+bP,, +cP,

Thus, by the strong version of principle of mathematical induction, the formula works
for all positive integers n. Similar studies for Gibonacci which the generalization of
Fibonacci numbers is available in [3] the book of Koshy Thomas. The proofs of the Theorem
2.2, Theorem 2.3, Theorem 2.5 and Theorem 2.6 can be given similar ways in [1,3,7].

Theorem 2.2. The Binet-like formula for the nth Gadovan number is
GR, = P60y’ + PG, + P30, - (6)
where
G, =aq " +bg* +cq°, G, =ag," +bg,” +cq,” and G, =aq,” +bg,” +cq;’.
Proof: Using Theorem 2.1, we have
GP, =aP,_,+bP,_,+CP, ,

=a(pal ™+ p,ust + Pty )+ (Pl + Pty + Py ) e (Pl + Py + s )

= py(ag,* +ba,* +cq,*)a; + p, (ag,* +ba,” +ca,)af + p, (ag,* +bay* +cq,* ) af

= PG,0;" + P,G,0; + PaG,0
Theorem 2.3. The generating function of the Gadovan numbers is

ax+bx* +(c—a)x’
1-x*—x° '

Ggr (X) =D GPX" =
n=1
Proof: Assume that the function

Gep (X) = iGan” =GPX+GP,X* +-+-+GP,X" +--

n=1

be the generating function of the Gadovan numbers. Multiply both of side of the equality by
the term —x* such as

XGqy (X) = ~GRX ~ GRX* — -~ R -

and that is multiplied every side with —x® such as

—X*Ggp (X) =—GPx* =GP,X° —--- =GP, X" -
Then, we write
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(1— X2 —XS)GGP (x)=GPx+GP,x* +(GP,—GR,) x* +(GP, —~GP, —GP, ) x" +---
+(GP,-GP,_,—GP,_;)x" +---

Now, by using
GR =a, GP,=b, GR,=c, GP,=a+b, GR,=b+c, ...
We obtain that

ax+bx? +(c—a)x®
GGP(X): ( )

1-x* =x°
Thus, the proof is completed.

Theorem 2.4. The exponential generating function for the nth Gadovan numbers is

EGP(X):ni

GP, . .
- nd A p%X A @l
X = PG+ pGe™ 4 pyGie™

Proof: We know that,

o o ax s oo w_x s o

e =) Lx", e =) Zx"and e* =) =x
le n! Z.: n! Z; n!

Let's multiply each side of the first equation by p,§,, the second equation by p,g, and

the third equation by p,4,. Then, we added all equations. So, the following equation is
obtained.

plqleq1X + pzqzeqzx + psqse%x = Z P ¥ Pobfy Pl X" = Z%Xn .

n-1 n! e N
Thus, the proof is completed.

Theorem 2.5. Letm,neZ". Then,

i(m}sa ~GP,
n1\ N

Proof: Applying Binet-like formula (6) and combining this with (2) we obtain the identity
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m

m (M AN A N A N
Z[ anPn = Z( nj( PO + P40, + p3q3q3)
n=1

n=1
A u m nqam-n A u m nq4m-n A 4 m nqam-n
=p1q1[2( qul j+pzq2[2( jqzl J+p3q3(2( )qsl J
n=1 n n=1 n n=1 n

= pG, (o, +1)" + p,G, (0, +1)" + pyG; (a +1)"
= pG.a" + P,,05" + P,G,0s"-

Thus, the proof is completed.

Theorem 2.6. Letm,neZ". Then,

zm:(mjep ~GP
= k n-k n+2m

Proof: Applying Binet-like formula (6) and combining this with (2) we obtain the identity

- m - m A ~N— A ~N— A o N—
Z[k}Pn-k = Z[kj( P.4,9; “ + P,4.9; “ + P;050; k)

k=1 k=1

A (M m— n-m A - m m— n-m
= plql(Z(kjlkql qu1 + P4, (Z(k]lqu k]qz
k=1 k=1
A (M m— n-m
+ pgqg[Z(kjlkqs kj%
k=1

= pG, (0, +1)" o/ "+ p,d, (0, +1)" ap " + p,Gs (0 +1)" g "

n+2m n+2m n+2m

= plqlql + pzqzqz + psqsqs
Thus, the proof is completed.

Theorem 2.7. For all n>1,

GP, GP, GP,] [P
GP, GP, GP,|=|P,
Pn

GP_, GP., GP,

n-1

, P, P,llc-a Db a

., PP, a c b|.
P b a+b ¢

-1 n+l n

Proof: Applying (5) and combining this with (1) and (4) we obtain the identity

A B C P, P, P,llc-a b a
XY zZ|=|RP, P P, a c b
K L M| |[P, P, P | b a+b ¢

Then, we write

A=(c-a)P,_,+aP, +bP_,=cP_,-aP ,+a(P,,+P_,)+bP,_,=aP,,+bP_,+cP,_, =GP ,
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B=bP _,+cP_ +(a+b)P_,=bP_,+cP_ +aP_,+bP_,=aP_,+bPR +cP,_ =GP,
C=aP, ,+bP ,+cP,, =GP,
X =(c-a)P,,+aP,+bP_ =cP_,-aP,_,+a(P,,+P_;)+bP_ =aP, ,+bP_ +cP_, =GP,

Y =bP,_, +cP, +(a+b)P,_, =bP,_,+cP,+aP,, +bP,_, =aP,_, +bP

n+l

+cP =GP,

Z=aP,_,+bP,+cP_ =GP,

K=(c-a)P_+aP,,+bR =cP,_ -aP,_ +a(P_,+P_,)+bP,=aP,_, +bP,+cP_, =GP, ,

L=bP_,+cP,, +(a+b)P,=bP,_ +cP.

n+l n+l

+aP +bP, =aP, +bP,,+cP, , =GP

n+l

M =aP_, +bP

n+1

+cP, =GP,
So,

A B C| [GP, GP, GP,,
X Y Z|=|GP_, GP, GP,|
K L M| |GP, GP, GP

n+l n

3. CONCLUSION

In this paper, we define and study the Gadovan numbers as a generalization of the
Padovan numbers. We obtain some results including recurrence relations, summation
formulas, binomial sums and Binet's formulas. We derive their generating and exponential
generating functions. We establish a matrix in term of the Gadovan numbers.
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