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Abstract. We introduce here the notion of conformal semi-Riemannian
map between semi-Riemannian manifolds aiming to unify and gener-
alize two geometric concepts. The first one is studied by Garćıa-Ŕıo
and Kupeli (namely, semi-Riemannian map between semi-Riemannian
manifolds). The second notion is defined by Şahin (namely, conformal
Riemannian map between Riemannian manifolds) as an extension of
the notion of Riemannian map introduced by Fischer. We support the
main notion of this paper with several classes of examples, e.g. semi-
Riemanninan submersions (see O’Neill’s book and Falcitelli, Ianus and
Pastore’s book) and isometric immersions between semi-Riemannian
manifolds. As a tool, we use the screen distributions (specific in semi-
Riemannian geometry) of Duggal and Bejancu’s book to obtain some
characterizations and to give a semi-Riemannian version of Fischer’s
(resp. Şahin’s) results, using the new map introduced here. We study
the generalized eikonal equation and at the end relate the main notion
of the paper with harmonicity.
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1. Introduction

In the Riemannian context, two fundamental notions, namely the Riemann-
ian maps introduced by Fischer [7] on one side and horizontally conformal
maps given by Fuglede [8] and Ishihara [13] on the other side, were both
generalized by conformal Riemannian maps defined in [19]. Şahin motivated
there the importance of this new class of maps between Riemannian mani-
folds by several geometric properties and practical applications in computer
vision, computer graphics and medical imaging fields (see [12,16,20]). Con-
formal maps between cortical surfaces were computed in [21].

http://crossmark.crossref.org/dialog/?doi=10.1007/s00009-015-0613-4&domain=pdf
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Next, Fuglede extended the notion of horizontally conformal map from
the Riemannian context (see [8]) to the semi-Riemannian one (see [9]) with
the purpose of characterizing harmonic morphisms between semi-Riemannian
manifolds (see [2]). Some theoretical applications to gravity of these horizon-
tally conformal maps between semi-Riemannian manifolds were provided by
Mustafa in [17]. Moreover, these maps were described in terms of jets in
[14]. The class of horizontally conformal maps contains in particular semi-
Riemannian submersions, for which we refer to [6] and [18]. Semi-Riemannian
submersions are generalized by the semi-Riemannian maps between semi-
Riemannian manifolds. The importance of this subject in semi-Riemannian
geometry was exposed by Garćıa-Ŕıo and Kupeli in their monograph [10], de-
voted to the study of the semi-Riemannian maps between semi-Riemannian
manifolds.

Our goal is to introduce in this paper a new class of maps between
semi-Riemannian manifolds with the purpose of unifying and generalizing
the above two concepts, namely the one treated in [19] (i.e. conformal Rie-
mannian maps between Riemannian manifolds) and the other one studied in
[10] (i.e. semi-Riemannian maps between semi-Riemannian manifolds). This
class of maps, which we call conformal semi-Riemannian maps between semi-
Riemannian manifolds contains semi-Riemannian submersions (see [6] and
[11]) and isometric immersions between semi-Riemannian manifolds as par-
ticular cases. Different from the approach of [10] by using quotient spaces,
in our approach we use the screen distributions introduced by [5], which we
present in Sect. 2. Next, we characterize the semi-Riemannian maps between
semi-Riemannian manifolds and show some properties of them in Sect. 3. The
main notion of our paper, namely conformal semi-Riemannian map between
semi-Riemannian manifolds, is given by Sect. 4 which provides several classes
of examples. Section 5 is devoted to the generalized eikonal equation. As it
was mentioned in ([10], page 92), Fischer’s result for Riemannian map (and
similar for Şahin’s result on conformal Riemannian map) is not valid in the
semi-Riemannian case. By using conformal semi-Riemannian maps defined
here, we adapt both these results so that they remain valid in the semi-
Riemannian context. The last section relates this new notion of conformality
with that of harmonicity used in many branches of mathematics.

We assume throughout this paper the manifolds and maps to be smooth.

2. Preliminaries

We recall now some notions of [5]:

Notations 2.1. Let F : (Mm, g)→(Nn, h) be a map between semi-Riemannian
manifolds. At any point p ∈ M, one has the following linear spaces:

Vp = {X ∈ TpM | F∗pX = 0} = kerF∗p,

Hp = {Y ∈ TpM | g(Y,X) = 0} = V ⊥
p ,

Rad(Vp) = Vp ∩ Hp,
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which denote respectively the vertical, the horizontal and the radical space.
In the Riemannian case, we don’t need the following assumption, but in the
semi-Riemannian case, we make the assumption that we obtain a distribution
which we call vertical (resp. horizontal) if we assign to each p ∈ M → Vp the
vertical (resp. p ∈ M → Hp the horizontal) space:

V =
⋃

p∈M

Vp = kerF∗,

H =
⋃

p∈M

Hp = V ⊥.

Suppose that the mapping p ∈ M → Rad(Vp), which assigns to each
p ∈ M the radical subspace Rad(Vp) of Vp with respect to gp, defines a smooth
distribution Rad(V ) of rank r ∈ N on M . Obviously, Rad(V ) is a totally
degenerate distribution on M, since g restricted to Rad(V ) is identically
zero.

We note that the leaves of the vertical distribution are lightlike (resp.
semi-Riemannian) submanifolds of M provided r > 0 (resp. r = 0).

Consider a complementary distribution S(V ) to Rad(V ) in V . The fibres
of S(V ) are S(Vp) defined such that

Vp = Rad(Vp) ⊕ S(Vp),

for any p ∈ M . As these fibres of S(V ) are screen subspaces of Vp, p ∈ M
(see [5]), we call S(V ) the vertical screen distribution on M .

Similarly, let S(H) be a complementary distribution to Rad(V ) in H.
The fibres of S(H) are S(Hp) defined such that

Hp = Rad(Vp) ⊕ S(Hp),

for any p ∈ M . Analogously, we call S(H) the horizontal screen distribution
on M .

Let πH : H → S(H) denote the projection of H = Rad(V ) ⊕ S(H) on
S(H).

Claim. From now on, we assume that all screen distributions related to F
are arbitrarily fixed.

Lemma 2.2. The following properties hold good:
(i) The distribution Rad(V ) is degenerate, while S(V ) and S(H) are non-

degenerate.
(ii) We have S(H) ⊥ V and S(V ) ⊥ H, since S(Hp) ⊥ Vp and S(Vp) ⊥ Hp,

for any p ∈ M .
(iii) dim V + dim H = dim M .
(iv) (V ⊥)⊥ = H⊥ = V .
(v) The following equivalences hold: (V, g/V ) is a nondegenerate distribution

⇔ Rad(V ) = {0} ⇔ TM = V ⊕ H.
(vi) Any leaf of the vertical distribution V is either a lightlike submanifold

of M (provided (V, g/V ) is degenerate) or a semi-Riemannian manifold
(provided (V, g/V ) is nondegenerate).
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From the above Lemma 2.2 and from ([10], Proposition 1.1.2 and 1.1.3
page 5), we obtain the following:

Proposition 2.3. If the vertical distribution (V, g/V ) is lightlike of type
(r, ν

′
, η

′
), then H is a lightlike distribution on (M, g) in TM , of type (r, ν −

r −ν
′
,m−ν − r −η

′
), where m = dim M and ν is the index of M . Moreover,

[Rad(V )]⊥g/V = V + H

is a lightlike distribution on (M, g) in TM of type (r, ν − r,m − ν − r).

Corollary 2.4. In particular, when the vertical leaves are degenerate (i.e.
lightlike) hypersurfaces of (M, g) (see [1]), then Rad(V ) = H. Hence the
horizontal distribution is of dimension 1 and (V, g/V ) is of type (1, ν −1,m−
ν − 1).

Notations 2.5. Suppose that the mapping

p ∈ M → Rad(ImF∗p) = ImF∗p ∩ (ImF∗p)⊥

which assigns to each p ∈ M the radical subspace Rad(ImF∗p) of ImF∗p
(with respect to h) is a vector bundle on M . Consider a complementary
vector subbundle S(ImF∗) to Rad(ImF∗) (with respect to h) in

ImF∗ =
⋃

p∈M

ImF∗p.

The fibres of S(ImF∗) are S(ImF∗p) defined such that

ImF∗p = S(ImF∗p) ⊕ Rad(ImF∗p)

for any p ∈ M . We call S(ImF∗) the screen vector subbundle of the image
of F∗ and let

πImF∗ : ImF∗ → S(ImF∗)

denote the projection of ImF∗ = S(ImF∗) ⊕ Rad(ImF∗) to the first compo-
nent of the direct sum.

3. Semi-Riemannian Maps

Different from Garćıa-Ŕıo and Kupeli’s book [10], which uses quotient spaces,
in our approach we use complementary screen distributions and vector bun-
dles to give the following:

Definition 3.1. Let F : (Mm, g) → (Nn, h) be a map between semi-
Riemannian manifolds. For any p ∈ M , we introduce the screen tangent
map FS

∗p defined as the restriction of F∗p:

FS
∗p = F∗p/S(Hp) : (S(Hp), g/S(Hp)) → (S(ImF∗p), h/S(ImF∗p)),

given by

FS
∗p(X) = πImF∗p

(F∗pX),

where X ∈ H and πH(X) = X. The rank of the FS
∗p is called the nondegen-

erate rank of F in p.
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Remark 3.2. (i) We note that at p ∈ M , the screen tangent map FS
∗p may

be neither injective nor surjective.
(ii) For any p ∈ M , the linear transformation FS

∗p depends on the screen
distribution, while the rank of FS

∗p is independent of it. Therefore, the
nondegenerate rank of F at p is well defined.

Notations 3.3. Let F : (Mm, g) → (Nn, h) be a map between semi-
Riemannian manifolds. Then the square norm of F is defined at any point
p ∈ M by

‖F∗p‖2 =< F∗p, F∗p >= traceg(F∗p·, F∗p·) =
m∑

i=1

εih(F∗pui, F∗pui)

where {u1, u2, . . . , um} is an orthonormal basis in TpM and εi = g(ui, ui) ∈
{−1, 1}, i = 1, . . . , m.

Lemma 3.4. Let F : (Mm, g) → (Nn, h) be a map between semi-Riemannian
manifolds and p ∈ M . Then,

‖F∗p‖2 = ‖FS
∗p‖2.

Proof. Let {f1, . . . , fs} be a local orthonormal frame of the screen vertical
distribution S(V ), and {e1, . . . , et} be a local orthonormal frame of the screen
horizontal distribution S(H). Note that span{f1, . . . , fs, e1, . . . , et} is a non-
degenerate subspace in TpM and denote by (span{f1, . . . , fs, e1, . . . , et})⊥ its
orthogonal complemantary space in TpM . Since g is a nondegenerate metric
on M, it follows that (span{f1, . . . , fs, e1, . . . , et})⊥ is also a nondegenerate
subspace and we may take {z1, w1, . . . , zk, wk} to be an orthonormal basis of
it, such that

g(zi, zj) = δij = −g(wi, wj)

and

g(zi, wj) = 0, for any i, j ∈ {1, 2, . . . , k}.

So, zi + wi ∈ Rad(V ) for i = 1, 2, . . . , k. Then, {f1, . . . , fs, e1, . . . , et, z1,
w1, . . . , zk, wk} is a local orthonormal frame on (M, g). Hence,

‖F∗p‖2 =
s∑

i=1

g(fi, fi)g((∗F∗p ◦ F∗p)fi, fi) +
t∑

i=1

g(ei, ei)g((∗F∗p ◦ F∗p)ei, ei)

+
k∑

i=1

g(zi, zi)g((∗F∗p ◦ F∗p)zi, zi)

+
k∑

i=1

g(wi, wi)g((∗F∗p ◦ F∗p)wi, wi)

=
t∑

i=1

g(ei, ei)h(F∗pei, F∗pei) +
k∑

i=1

g(zi, zi)h(F∗pzi, F∗pzi)

+
k∑

i=1

g(wi, wi)h(F∗pwi, F∗pwi).
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But since for i = 1, 2, . . . , k we have zi + wi ∈ Rad(V ) ⊆ V , then

0 = F∗pzi + F∗pwi

and

0 = g(zi, zi) + g(wi, wi).

Thus, F∗pzi = −F∗pwi and g(zi, zi) = −g(wi, wi), i = 1, 2, . . . , k. Hence,

‖F∗p‖2 =
t∑

i=1

g(ei, ei)h(F∗pei, F∗pei)

=
t∑

i=1

g/S(H)(πH(ei), πH(ei))h/S(ImF∗p)(F
S
∗pπH(ei), FS

∗pπH(ei))

= ‖FS
∗p‖2,

which proves the required equality. �

We recall here the definition of the semi-Riemannian map (see [10], page
85) which uses quotient spaces:

Definition 3.5. Let f : (M, g) → (N,h) be a map between semi-Riemannian
manifolds. Then f is called semi-Riemannian at p ∈ M if

f∗p : (H(p), g/H(p)) → (A2(p), h/A2(p)
)

is an (into) isometry, where (H(p), g/H(p)) and (A2(p), h/A2(p)
) are the quo-

tient inner product spaces given by:

H(p) = Hp/Rad(V ),

A2(p) = Imf∗p/Rad(Imf∗p)

and f∗p is the quotient of f∗p. Moreover, f is called semi-Riemannian if f is
semi-Riemannian at each p ∈ M .

We may characterize the above notion as follows:

Proposition 3.6. A map F : (M, g) → (N,h) between semi-Riemannian
manifolds is semi-Riemannian at p ∈ M if and only if F∗p preserves the
inner products on the screen horizontal vectors, that is, the screen tangent
map FS

∗p is an (into) isometry map. Moreover, F is a semi-Riemannian map
if and only if F is semi-Riemannian at each p ∈ M .

Remark 3.7. An (into) isometry map FS
∗ remains an (into) isometry when

one changes the screen distribution, since this fact can easily be justified by
using basis. Hence, it follows that the above Proposition 3.6 is independent
of the screen distribution chosen and therefore this notion is well defined.

The screen tangent map FS
∗ satisfies the following:

Lemma 3.8. Let F : (Mm, g) → (Nn, h) be a semi-Riemannian map between
semi-Riemannian manifolds. Then:

1. rankFS
∗ = rankF − dim Rad(V ) = dimS(H);

2. ‖F∗‖2 = rankFS
∗ ;
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3. in the particular case, when (M, g) and (N,h) are Riemannian mani-
folds, the semi-Riemannian map F becomes a Riemannian map, defined
by Fischer, in [7].

Let us recall from [2] that a C1 map F : (Mm, g) → (Nn, h) between
semi-Riemannian manifolds is called horizontally weakly conformal at p ∈ M
with square dilation Λ(p) if

g(∗F∗pU,∗ F∗pU) = Λ(p)h(U, V ), for any U, V ∈ TF (p)N,

for some Λ(p) ∈ R; it is said to be horizontally weakly conformal (on M) if
it is horizontally weakly conformal at every point p ∈ M .

Note that under the condition Λ(p) ∈ R\{0}, we obtain that F is
horizontally conformal at p ∈ M . Moreover, we say that F is horizontally
homothetic if F is horizontally conformal on M and the square dilation
Λ : M → R\{0} is constant.

4. Definition and Examples of Conformal Semi-Riemannian
Maps

Now, we introduce the main notion of the present paper, which generalizes
the above notions of Riemannian and semi-Riemannian maps.

Definition 4.1. Let F : (Mm, g) → (Nn, h) be a smooth map between semi-
Riemannian manifolds.

(i) We say that F is conformal semi-Riemannian at p ∈ M if 0 < rankF ≤
min{m,n} and the screen tangent map FS

∗p is conformal, that is, there
exists a non-zero real number Λ(p) (called square dilation) such that:

FS
∗p = F∗p/S(Hp) : (S(Hp), g/S(Hp)) → (S(ImF∗p), h/S(ImF∗p))

satisfies:

hF (p)(F∗pX,F∗pY ) = Λ(p)gp(X,Y ), for any X,Y ∈ S(Hp). (4.1)

(ii) Moreover, we call F a conformal semi-Riemannian map if F is conformal
semi-Riemannian at each p ∈ M .

(iii) In particular, if a conformal semi-Riemannian map F is of constant
square dilation, we call it homothetic semi-Riemannian.

Remark 4.2. (i) In the above definition, the square dilation Λ(p) is non-
zero, since the image of FS

∗p is nondegenerate with respect to h. In the
particular case when F is a map between Riemannian manifolds, Λ(p)
is positive.

(ii) As F is conformal semi-Riemannian at p (that is, FS
∗p is a conformal map

with Λ(p) �= 0), it follows that FS
∗p is injective. Indeed, if we suppose

that there exist X,Y ∈ S(Hp) such that:

FS
∗p(X) = FS

∗p(Y ), (4.2)
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then the following assertions are equivalent to (4.2):

F∗pX = F∗pY ;
hF (p)(F∗pX,Z)= hF (p)(F∗pY,Z), for any Z ∈ ImF∗p = {F∗pU |U ∈ S(Hp)};
hF (p)(F∗pX,F∗pU) = hF (p)(F∗pY, F∗pU), for any U ∈ S(Hp);
Λ(p)g(X,U) = Λ(p)g(Y,U), for any U ∈ S(Hp).

Since Λ(p) �= 0 and S(Hp) is nondegenerate, then X = Y .
Now, we provide some classes of examples in the semi-Riemannian context:

Example. Let Rn
q denote the semi-Euclidean space of dimension n and index

q, endowed with the inner product:

g(x, y) = −x1y1 − · · · − xqyq + xq+1yq+1 + · · · + xnyn,

for any x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ R
n
q .

We construct here a map

F : R3
1 → R

4
2

between the semi-Euclidean spaces (R3
1, g) and (R4

2, h) defined for any a, b ∈
R, by

F (x1, x2, x3) = (ex2sinx3, e
x2cosx3, a, b).

Then we have

V = kerF∗ = span{∂x1}
and

H = (kerF∗)⊥ = span{∂x2, ∂x3}.

It follows that rankF = 2 and we get

F∗∂x2 = ex2sinx3∂y1 + ex2cosx3∂y2

F∗∂x3 = ex2cosx3∂y1 − ex2sinx3∂y2.

Therefore we have:

h(F∗∂xk, F∗∂xk) = −e2x2g(∂xk, ∂xk), k = 2, 3.

We conclude that F is a conformal semi-Riemannian map with the square
dilation, Λ : R3 → R, defined by Λ(x1, x2, x3) = −e2x2 .

Some classes of conformal semi-Riemannian maps between semi-
Riemannian manifolds can be obtained by the next statements, namely
Propositions 4.3, Proposition 4.4 and Corollary 4.5:

Proposition 4.3. Let F : (M, g) → (N,h) be a map between semi-Riemannian
manifolds. Then, F is horizontally weakly conformal (see [2], page 444) with
non-zero square dilation if and only if F is conformal semi-Riemannian with
ImF∗ = TN and Rad(V ) = {0}.
Proposition 4.4. Let F : (M, g) → (N,h) be a semi-Riemannian map between
semi-Riemannian manifolds. Then, F is a conformal semi-Riemannian map
with the square dilation Λ = 1.
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Proof. It is easy to see that we can identify by linear isometry the quotient
spaces constructed in [10] at each point p ∈ M , as follows:

L1
∼= Rad(V );

A1
∼= V + H = [Rad(V )]⊥;

A2
∼= ImF∗;

L2
∼= ImF∗ ∩ (ImF∗)⊥ = Rad(ImF∗);

H = H/L1
∼= S(H);

A2 = A2/L2
∼= S(ImF∗).

Then we complete the proof in a straightforward way. �

Corollary 4.5. Let F : (M, g) → (N,h) be a map between semi-Riemannian
manifolds.
(a) ImF is an isometric immersed submanifold (see [18], page 121) in N if

and only if F is a conformal semi-Riemannian map with KerF∗ = {0}
and Λ = 1.

(b) F is a semi-Riemannian submersion (see [6]) if and only if F is a con-
formal semi-Riemannian map with ImF∗ = TN , Rad(V ) = {0} and
Λ = 1.

(c) F is a horizontally weakly conformal map of square dilation Λ = 1 if and
only if it is a conformal semi-Riemannian map with ImF∗ = TN and
Λ = 1. We note that a semi-Riemannian submersion is a horizontally
weakly conformal map (see [2], page 444) with the square dilation Λ = 1.

Example. (in Riemannian context): Let F : M → N be a conformal Riemann-
ian map between Riemannian manifolds, with dilation λ, defined by Şahin in
[19]. Then F provides an example of a conformal semi-Riemannian map with
positive square dilation Λ = λ2 : M → R\{0}.

5. Generalized Eikonal Equation

Eikonal equations are an interesting topic for both PDE and differential geom-
etry (see [10,15,19]). We provide here a generalized eikonal equation which
states a relation between the square norm of the tangent map and the non-
degenerate rank of a conformal semi-Riemannian map.

Proposition 5.1. Let F : (Mm, g) → (Nn, h) be a map between semi-
Riemannian manifolds which is a conformal semi-Riemannian map at p ∈ M
with Λ(p) �= 0.

Then:

‖F∗p‖2 = Λ(p)rankFS
∗p. (5.1)

Proof. We have that the map

FS
∗p : (S(Hp), g/S(Hp)) → (S(ImF∗p), h/S(ImF∗p))

is conformal and let
∗FS

∗p : (S(ImF∗p), h/S(ImF∗p)) → (S(Hp), g/S(Hp))
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be the adjoint of FS
∗p. Then:

g/S(Hp)(
∗FS

∗p ◦ FS
∗pu, v) = h/S(ImF∗p)(F

S
∗pu, FS

∗pv) (5.2)

= Λ(p)g/S(Hp)(u, v), ∀u, v ∈ S(Hp).

From Remark 4.2(ii), we have:

rankFS
∗p = dim S(Hp) = dimHp − dim Rad(Vp). (5.3)

Hence, by applying consequently Lemma 3.4 and the relations (5.2) and (5.3),
one has:

‖F∗‖2 = ‖ FS
∗p‖2 = traceg

∗FS
∗p ◦ FS

∗p =
t∑

i=1

εi g/S(Hp)(
∗FS

∗p ◦ FS
∗p ei, ei)

= Λ(p)
t∑

i=1

εi g/S(Hp)(ei, ei) = Λ(p) dimS(Hp)

= Λ(p)rank FS
∗p,

where {e1, . . . , et} is an orthonormal basis (with respect to g) of the nonde-
generate screen horizontal distribution S(H) and εi = g(ei, ei) ∈ {−1, 1}, i =
1, . . . , t, which complete the proof. �

Remark 5.2. (i) The statements of Lemma 3.4 and Proposition 5.1 are in-
dependent of the screen horizontal distribution which was chosen in the
proof.

(ii) When F is a homothetic semi-Riemannian map, then the right hand
side of the relation (5.1) is constant on each connected component of
M , since the map ‖F∗‖2 : M → R, defined by ‖F∗‖2(p) = ‖F∗p‖2, is a
continuous function.

(iii) From the above remark, it follows that F is a solution of the generalized
eikonal equation, provided that F is a homothetic semi-Riemannian
map.

Let F : (Mm, g) → (Nn, h) be a smooth map between semi-Riemannian
manifolds. For any p ∈ M , let us define the linear transformation

Qp : S(ImF∗p) → S(ImF∗p), by

Qp = FS
∗p ◦∗ FS

∗p
to obtain the following characterization of conformal semi-Riemannian map.

Theorem 5.3. A smooth map F : (Mm, g) → (Nn, h) is conformal semi-
Riemannian if and only if for any p ∈ M , there exists a smooth function

Λ : M → R,

such that

Q2
p = Λ(p)Qp. (5.4)

Proof. We have that the relation (5.4) is equivalent to

Q2
pW = Λ(p)Qp(W ), for any W ∈ S(ImF∗p). (5.5)
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Since S(ImF∗p) is nondegenerate, then (5.5) is equivalent to each of the
following assertions

hF (p)(U,Q2
pW ) = hF (p)(U,Q2

pW ), for any U,W ∈ S(ImF∗p);
hF (p)(U,FS

∗p ◦∗ FS
∗p ◦ FS

∗p ◦∗ FS
∗pW ) = Λ(p)hF (p)(U,FS

∗p ◦∗ FS
∗pW ),

for any U,W ∈ S(ImF∗p);
gp(∗FS

∗pU,∗ FS
∗p ◦ FS

∗p ◦∗ FS
∗pW ) = Λ(p)gp(∗FS

∗pU,∗ FS
∗pW ),

for any U,W ∈ S(ImF∗p);
hF (p)(FS

∗p ◦∗ FS
∗pU,FS

∗p ◦∗ FS
∗pW ) = Λ(p)gp(∗FS

∗pU,∗ FS
∗pW ),

for any U,W ∈ S(ImF∗p).

(5.6)

The direct statement follows immediately, since if F is a conformal semi-
Riemannian map at p, then the last equality of (5.6) is satisfied.

Conversely, if we suppose that the relation (5.4) is true, then by the
above equivalence, the last equality of the relation (5.6) is satisfied. We prove
that F is a conformal semi-Riemannian map. To do this, we first notice
that the map ∗FS

∗p : S(ImF∗p) → S(Hp) is onto. Indeed, the image of ∗FS
∗p :

S(ImF∗p) → S(Hp) is S(Hp), since if we suppose otherwise, then there exists
a non-zero vector field ξ ∈ S(Hp), such that gp(∗FS

∗pZ, ξ) = 0, for any Z ∈
S(ImF∗p). Therefore we have:

0 = gp(∗FS
∗pZ, ξ) = hF (p)(Z,F∗pξ), for any Z ∈ S(ImF∗p).

Now, as S(ImF∗p) is nondegenerate with respect to h, F∗pξ = 0, that is, ξ ∈
Ker(F∗p) = Vp which is orthogonal to S(Hp). Since one has simultaneously
(i) ξ ∈ S(Hp), (ii) ξ is orthogonal to S(Hp) and (iii) S(Hp) is nondegenerate
with respect to g, it follows that ξ = 0 which is a contradiction. Therefore,
the last equality of (5.6) is equivalent to (4.1), since for any X,Y ∈ S(Hp),
there exist U,W ∈ S(ImF∗p) such that X = ∗FS

∗pU and Y = ∗FS
∗pW , which

shows that F is conformal semi-Riemannian at any point p ∈ M , and the
proof is completed. �

Remark 5.4. 1. If (M, g) and (N,h) are Riemannian manifolds, we reob-
tain Fischer’s result [7], that is, F is a Riemannian map if and only if
Qp = F∗p ◦∗ F∗p is a projection of TpM , i.e. Q2

p = Qp.
2. If (M, g) and (N,h) are semi-Riemannian manifolds, then we reobtain

Şahin’s result [19], that is, F is a conformal semi-Riemannian map if
and only if the operator Qp defined on TpM by Qp = F∗p ◦∗ F∗p satisfies
the relation (5.4).

3. As noticed in ([10], page 92), Fischer’s theorem is not valid when M and
N are semi-Riemannian manifolds and when F is a semi-Riemannian
map if we take Qp as an operator of TpM . To generalize Fischer’s result,
we stated Theorem 5.3 by taking Qp defined on a screen distribution
S(ImF∗p).

6. Conformal Semi-Riemannian Maps and Their Harmonicity

Definition 6.1. Let F : (Mm, g) → (Nn, h) be a smooth map between semi-
Riemannian manifolds and let ∇M and ∇F−1TN denote, respectively, the
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Levi–Civita connection on M and the pull-back connection. Then, F is har-
monic if its tension field τ(F ) vanishes identically, that is,

τ(F ) = traceg(∇�F∗�) =
m∑

i=1

(∇F∗)(ei, ei) = 0,

where {ei}i=1,...,m is an orthonormal frame on M and the second fundamental
form ∇F∗ of F is given by

(∇F∗)(X,Y ) = ∇F−1(TN)
X F∗Y − F∗(∇M

X Y ), for any X,Y ∈ Γ(TM).

For the harmonicity of other structures on manifolds, we refer to [4].
We recall now from [2] a geometric notion related to harmonicity, namely the
following :

Definition 6.2. Let F : (M, g) → (N,h) be a C2 map between semi-
Riemannian manifolds. Then F is a harmonic morphism if, for any C2 har-
monic function f defined on an open subset N of N with F−1(N) non-empty,
the composition f ◦ F is harmonic on F−1(N).

The above notion was characterized in both [9] and [13] by the following:

Theorem 6.3. A C2 map between semi-Riemannian manifolds is a harmonic
morphism if and only if it is harmonic and horizontally weakly conformal.

If D is a nondegenerate differentiable distribution of rank k on a semi-
Riemannian manifold (M, g) with the Levi–Civita connection ∇, then TM
splits into the direct sum TM = D ⊕ D⊥, where D⊥ is the orthogonal dis-
tribution of D with respect to g. Moreover, D is called minimal if at each
p ∈ M , the mean curvature field μ(D) ∈ Γ(F−1TN) of D vanishes, i.e.

μ(D) =
1
k

traceg(∇��)⊥ =
1
k

k∑

i=1

g(ei, ei)(∇eiei)
⊥ = 0,

where (∇eiei)
⊥ denotes the component of ∇eiei in the orthonormal comple-

mentary distribution D⊥ on M and {ei}i=1,...,k is an orthonormal basis of
D.

When the distribution D is integrable, then D is minimal if and only if
any leaf of D is a minimal submanifold of M . (For degenerate distributions
we refer the reader to [3]).

Then the calculation in the semi-Riemannian context follows the same
steps as in the Riemannian case (see [19]) and, consequently, Theorem 4.1
from [19] is now valid in the semi-Riemannian case, as follows:

Theorem 6.4. Let F : (Mm, g) → (Nn, h) be a non-constant proper confor-
mal semi-Riemannian map between semi-Riemannian manifolds, such that
the vertical distribution is nondegenerate and of codimension greater than 2.
Then any three conditions imply the fourth one:
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(i) F is harmonic;
(ii) F is horizontally homothetic;
(iii) the vertical distribution is minimal;
(iv) the distribution ImF∗ is minimal.

In view of Definition 4.1, we note that in the semi-Riemannian context,
both minimal immersions and harmonic morphisms are particular classes of
harmonic maps which are conformal semi-Riemannian and hence both these
classes can be studied in a unitary manner.
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