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Abstract. Clifford algebras are used in theoretical physics and in partic-
ular, in the general theory of relativity, where Einstein’s equations are
rewritten in Girard (Adv Appl Clifford Algebras 9(2):225–230, 1999)
within a Clifford algebra. Let M be a manifold with a torsion-free con-
nection which induces on its cotangent bundle T ∗M , a semi-Riemannian
metric ḡ, called the natural Riemann extension, Kowalski and Sekizawa
(Publ Math Debrecen 78:709–721, 2011). The main result of the present
paper gives a necessary and sufficient condition for ḡ restricted to certain
hypersurfaces of T ∗M to be Einstein.
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1. Introduction

Ricci curvature plays a fundamental role in general relativity, especially in
the Einstein field equations. The existence or the non-existence of Einstein
metrics on a manifold is related to some Clifford algebras, as shown in many
papers. A few examples are pointed out in what follows.

Throughout this note, by a positive Einstein metric we mean an Einstein
metric with positive scalar curvature.

The use of Weitzenböck formula for Dirac operators yields to several
examples of manifolds of dimension ≥5, which do not admit any positive
Einstein metric. Moreover, a K3 surface (from Kodaira’s classification) is a
complex surface with vanishing first Chern class and no global holomorphic
one-forms. This spin surface admits no metric with positive scalar curvature
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and in particular no positive Einstein metric. The obstructions for the ex-
istence of positive Einstein metrics on a manifold M are related with the
Clifford algebra attached to the tangent bundle of M , (see [2, pp. 169]).

On the other hand, Burdujan introduced in [4,5] some Clifford–Kähler
manifolds which are proved to be Einstein. Also, the existence of parallel
non-flat even Clifford structures of rank ≥3 on a complete simply connected
Riemannian manifold Mn assures that the manifold is Einstein, provided
r �= 4, n �= 8, where r is the rank of the Clifford structure and n is the
dimension of the manifold Mn (see [13, Proposition 2.10]).

The purpose of this note is to construct a family of examples of Einstein
manifolds with positive scalar curvature.

First, we note that a semi-Riemannian metric on a manifold M gives
rise to a natural vector bundle isomorphism between the Clifford bundle of
M and the exterior bundle of M

Cl(T ∗M) = Λ(T ∗M),

which is induced by the corresponding isomorphism on each fiber. This is
why one can view the sections of the Clifford bundle as differential forms on
M .

Patterson and Walker introduced in [14] a semi-Riemannian metric g
on the total space T ∗M of the cotangent bundle of a manifold Mn endowed
with a symmetric connection ∇, (see also [16,17]). Since then, this metric
g, called a Riemann extension, was extensively used by several authors for
different purposes. For instance, this metric was used recently by [3,7,8] in
context with Einstein structures, respectively Ricci solitons. (The concept of
Ricci solitons extends in a certain way the Einstein metric). In [11,15], the
notion of Riemann extension was generalized by Kowalski and Sekizawa to
the notion of natural Riemann extension ḡ (see the relations (4)), which is a
semi-Riemannian metric of neutral signature (n, n). Certain metrics of neu-
tral signature were studied by Crasmareanu and Piscoran [6] in relation with
Clifford algebras. In particular, when M is a surface, we note that (T ∗M, ḡ)
is an example of a four-dimensional non-Lorentzian, semi-Riemannian man-
ifold. The importance of neutral metrics on four-dimensional manifolds is
emphasized in [10]. In our paper, if we take M to be a surface, then the
family of hypersurfaces of (T ∗M, ḡ) are Lorentz manifolds.

In Sect. 2, we recall some notions and results and also some construc-
tions and calculations are included for later use. In Sect. 3, we prove some
properties of a family {Ht/t ∈ R − {0}} of non-degenerate hypersurfaces of
(T ∗M, ḡ) and we obtain some important consequences. Our main result here
states that each hypersurface Ht of the above family is Einstein, with positive
scalar curvature. Some comments are provided at the end.

2. Natural Riemann Extension

The notations used here are taken from [11].
If M is an n-dimensional manifold (n ≥ 2), then the space of phases

(which is its cotangent bundle) T ∗M contains all pairs (x,w), with x ∈ M
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and w ∈ T ∗
x M . Let p : T ∗M → M, p(x,w) = x, be the natural projection of

T ∗M to M . For any local coordinate chart (U ;x1, . . . , xn) on M , we denote
by (p−1(U);x1, . . . , xn, x1∗, . . . , xn∗) the corresponding coordinate chart on
T ∗M such that for any i = 1, n, the function xi ◦ p on p−1(U) is identified
with xi on U and we have xi∗ = wi = w(( ∂

∂xi )x) at any point (x,w) ∈ p−1(U).
With the notation ∂

∂xi = ∂i and ∂
∂wi = ∂i∗, i = 1, n, at each point (x,w) ∈

T ∗M one has a basis

{(∂1)(x,w), . . . , (∂n)(x,w), (∂1∗)(x,w), . . . , (∂n∗)(x,w)}
for the tangent space (T ∗M)(x,w).

The Liouville type vector field W, globally defined on T ∗M is expressed
in local coordinates by

W =
n∑

i=1

wi∂i∗.

Everywhere here, F(M) and χ(M) will denote the set of all smooth real
functions on M and respectively the set of all vector fields on M .

The vertical lift fv on T ∗M of a function f ∈ F(M), is defined by
fv = f ◦ p.

The vertical lift Xv on T ∗M of a vector field X ∈ χ(M) is a function
(called evaluation function) defined by

Xv(x,w) = w(Xx),

or equivalently Xv(x,w) = wiX
i(x), where X = Xi∂i.

Remark 1. We stress that the vertical lift of any vector field on M is a func-
tion on T ∗M and not a vector field tangent to T ∗M .

A vector field U ∈ χ(T ∗M) on the total space of the cotangent bundle
of M is defined by its action on all evaluation functions. More precisely, we
recall the following:

Proposition 2. [17] Let U1 and U2 be vector fields on T ∗M . If U1(Zv) =
U2(Zv) holds for all Z ∈ χ(M), then U1 = U2.

We use here some constructions of lifts from [18].
Any 1-form α ∈ Ω1(M) on M can be lifted to a vector field αv tangent to
T ∗M , which is defined by

αv(Zv) = (α(Z))v, ∀Z ∈ χ(M),

or equivalently by

αv = αi∂i∗,

where α = αidxi and we identify fv with f when f ∈ F(M). It follows that
αv(fv) = 0, ∀f ∈ F(M). The complete lift of a vector field X ∈ χ(M) is a
vector field Xc ∈ χ(T ∗M), defined at any point (x,w) ∈ T ∗M by

Xc
(x,w) = ξi(x)(∂i)(x,w) − wh(∂iξ

h)(x)(∂i∗)(x,w), (1)

where X = Xi∂i. Therefore, we have

Xc(Zv) = [X,Z]v,∀Z ∈ χ(M) (2)
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and

Xcfv = (Xf)v, ∀f ∈ F(M).

Hypothesis If not otherwise stated, we assume the n-dimensional man-
ifold M is endowed with both a symmetric linear connection ∇ (i.e. ∇ is
torsion-free) and with a globally defined nowhere zero vector field ξ, which
is parallel with respect to ∇, that is

∇ξ = 0. (3)

The symmetric linear connection ∇ on M defines a semi-Riemannian metric
on the total space of T ∗M , as it was constructed by Sekizawa in [15] by:

ḡ(Xc, Y c) = −aw(∇Xx
Y + ∇Yx

X) + bw(Xx)w(Yx);
ḡ(Xc, αv) = aαx(Xx);
ḡ(αv, βv) = 0, (4)

for all vector fields X,Y and all differential 1-forms α, β on M , where, a, b
are arbitrary constants and we may assume a > 0 without loss of general-
ity. In the particular case, when a = 1 and b = 0, we obtain the notion of
the classical Riemann extension defined by Patterson and Walker, see [14,16].

Definition 3. The semi-Riemannian metric given in (4) is called a natural
Riemann extension, [11,15]. When b �= 0 we call it proper natural Riemann
extension.

Let (x,w) be an arbitrary fixed point in T ∗M , with w �= 0. We denote
α1 = w and we take a basis {α1, . . . , αn} in T ∗

x M and then we consider
{e1, . . . , en} its dual by basis in TxM . As in [11], we denote by the same
letter the parallel extension of each ei (along geodesics starting at x) to a
normal neighbourhood of x in M , i = 1, n. It follows that {e1, . . . , en} is a
local frame on M which is defined around x and satisfies the condition

(∇ei
ej)x = 0, i, j = 1, n, (5)

from which we obtain

ḡ(x,w)(ec
i , e

c
j) = bw(ei,x)w(ej,x), i, j = 1, n. (6)

Next, we denote by the same letter {α1, . . . , αn} the local frame defined
around x, which is dual to the local frame {e1, . . . , en} which means

αi(ej) = δij , i, j = 1, n. (7)

Obviously, α1,x = w. Different from the locally orthonormal basis constructed
in [11], we constructed in [1] the following orthonormal frame {Ei, Ei∗ : i =
1, n}:

E1 = ec
1 +

1 − b

2a
αv
1; E1∗ = ec

1 − 1 + b

2a
αv
1;

Ek =
1√
2a

(ec
k + αv

k); Ek∗ =
1√
2a

(ec
k − αv

k), k = 2, n. (8)
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Remark 4. We note that ḡ(Ej , Ej) = 1 and ḡ(Ej∗, Ej∗) = −1, j = 1, n.
Hence ḡ is of neutral signature (n, n).

We recall here that the gradient of a real function F : N → R on a
(semi-) Riemannian manifold (N,h) is given by h(gradF,X) = dF (X), ∀X ∈
χ(N).

The following conventions and formulas will be used later on.
If T is a (1,1)-tensor field on a manifold N , then the contracted vector

field C(T ) ∈ χ(T ∗M) is defined at any point (x,w) ∈ T ∗M , by its value on
any evaluation function as follows:

C(T )(Xv)(x,w) = (TX)v
(x,w) = w((TX)x), ∀X ∈ χ(M).

For the Levi–Civita connection ∇̄ of the Riemann extension ḡ, we get the
formulas (see e.g., [11]):

(∇̄XcY c)(x,w) = (∇XY )c
(x,w) + Cw((∇X)(∇Y ) + (∇Y )(∇X))(x,w)

+Cw(Rx(.,X)Y + Rx(., Y )X)(x,w)

− c

2
{w(Y )Xcw(X)Y c + 2w(Y )Cw(∇X) + 2w(X)Cw(∇Y )

+w(∇XY + ∇Y X)W}(x,w) + c2w(X)w(Y )W(x,w),

(∇̄Xcβv)(x,w) = (∇Xβ)v
(x,w) +

c

2
{w(X)βv + β(X)W}(x,w),

(∇̄αvY c)(x,w) = −(iα(∇Y ))v
(x,w) +

c

2
{w(Y )αv + α(Y )W}(x,w),

(∇̄αvβv)(x,w) = 0, ∀X,Y ∈ χ(M), ∀α, β ∈ Ω1(M). (9)

Here, c denotes the fraction b
a . Further, for a (1,1)-tensor field T and a 1-form

α on M , iα(T ) is a 1-form of M defined by

(iα(T ))(X) = α(TX), ∀X ∈ χ(M).

From [11], we have the following:

R̄(x,w)(Xc, Y c)Zc = (R(X,Y )Z)c
(x,w) +

c

2
{(w(∇ZY ) +

c

2
w(Y )w(Z))Xc

−(w(∇ZX) +
c

2
w(X)w(Z))Y c − w([X,Y ])Zc}(x,w)

+Cw((∇XR)(·, Y )Z + (∇XR)(·, Z)Y
−(∇Y R)(·,X)Z − (∇Y R)(·, Z)X
−[∇X,R(·, Z)Y ] + [∇Y,R(·, Z)X]
−(∇Z)R(·,X)Y + (∇Z)R(·, Y )X
−(R(·,X)Y )(∇Z) + (R(·, Y )X)(∇Z))(x,w)

+cw(Xx)Cw(R(·, Z)Y − (∇Y )(∇Z) − (∇Z)(∇Y ))(x,w)

−cw(Yx)Cw(R(·, Z)X − (∇X)(∇Z) − (∇Z)(∇X))(x,w)

−cw(Zx)Cw(R(X, ·)Y − R(Y, ·)X − 2[∇X,∇Y ])(x,w)

− c

2
{w(X)w([Y,Z]) − w(Y )w([X,Z])

−2w([X,Y ])w(Z)}W(x,w), (10)
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R̄(x,w)(Xc, Y c)γv = −(iγ(R(X,Y )))v
(x,w) +

c

2
w([X,Y ])γv

(x,w)

− c

2
{γ(Y )Cw(∇X) − γ(X)Cw(∇Y )}(x,w)

+
c2

4
{γ(Y )w(X) − γ(X)w(Y )}W(x,w), (11)

R̄(x,w)(Xc, βv)Zc = −(iβ(R(·, Z)X))v
(x,w) +

c

2
{β(Z)Xc + β(X)Zc}(x,w)

+
c

2
{w(∇XZ) − c

2
w(X)w(Z)}βv

(x,w)

+
c

2
{β(Z)Cw(∇X) + 2β(X)Cw(∇Z)}(x,w)

−c2

2
{β(X)w(Z) +

1
2
β(Z)w(X)}W(x,w), (12)

R̄(x,w)(Xc, βv)γv = − c

2
{γ(X)βv + β(X)γv}(x,w), (13)

R̄(x,w)(αv, βv)Zc = 0, (14)

R̄(x,w)(αv, βv)γv = 0, (15)

for all X,Y,Z ∈ χ(M) and one-forms α, β, γ of M .
For later use, we recall the following formula, obtained in [1]:

Theorem 5. Let M be a manifold endowed with a symmetric linear connec-
tion ∇, which defines the natural Riemann extension ḡ on T ∗M . Then, the
gradient (with respect to ḡ) for any vertical lift Zv ∈ F(T ∗M) of a vector
field Z ∈ χ(M) is given by:

gradZv =
1
a
{Zc + 2C(∇Z) − cZvW}, (16)

where F(T ∗M) denotes the set of all smooth real functions on T ∗M and
the contraction C is applied to the (1,1)-tensor field ∇Z on M , defined by
(∇Z)(X) = ∇XZ, ∀X ∈ χ(M).

3. Hypersurfaces of the Total Space of the Cotangent Bundle

In this section, we assume that a manifold M is endowed with a symmetric
linear connection ∇, which induces on the total space of the cotangent bundle
T ∗M of M the natural Riemann extension ḡ. We assume ḡ is proper (i.e.
b �= 0).

The evaluation map f̄ : T ∗M → R is defined by

f̄ = ξv, (17)

or equivalently by f̄(x,w) = wx(ξx), for any (x,w) ∈ T ∗M.
Let

Ht = f̄−1(t) = {(x,w) ∈ T ∗M/f̄(x,w) = t},

be the hypersurfaces level set in T ∗M , endowed with the restriction gt = ḡ/Ht

of the natural Riemann extension ḡ inherited from T ∗M , where t ∈ R− {0}.
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Remark 6. For any t ∈ R − {0}, one has:
(i) Ht ⊂ T ∗M − {0} (i.e. T ∗M without the zero section);
(ii) gradf̄ is non-zero (hence orthogonal to Ht), at any point of Ht.

Theorem 7. Let (M,∇) be a manifold endowed with a symmetric linear con-
nection inducing the proper natural Riemann extension ḡ on T ∗M . If t ∈
R − {0}, then:

(i) gt is non-degenerate on Ht, hence (Ht, gt) is a semi-Riemannian hyper-
surface of T ∗M ;

(ii) The tangent space T(x,w)Ht at any point (x,w) ∈ Ht is generated by
αv + Xc, where

α ∈ Ω1(M), X ∈ χ(M) and α(ξ) + w([X, ξ]) = 0; (18)

(iii) At any point (x,w) of Ht, a vector field normal to Ht is given by

gradf̄ =
1
a
{ξc − ctW}, (19)

where ξc denotes the complete lift of ξ;
(iv) The system {αv

2, . . . , α
v
n, ec

1, . . . , e
c
n} defined above is a basis of vectors

tangent to Ht, at any point (x,w) of Ht.

Proof. Since f̄ is defined above by (17), we use (16) from Theorem 5, and we
take into account that ξ is parallel with respect to ∇. Therefore we obtain
(iii), since at any point (x,w) of Ht we have f̄(x,w) = t. From the definition
of the natural Riemann extension, we compute ḡ(gradf̄ , gradf̄) = −b[w(ξ)

a ]2,
which shows that at any point (x,w) ∈ Ht, we have ‖gradf̄‖2 = −b( t

a )2 �= 0
and hence, gradf̄ is time-like or space-like according as b > 0 or b < 0,
respectively. Consequently, (i) is proved. Next, we note that T ∗M is generated
by the vertical lifts αv of 1-forms α on M , together with the complete lifts
Xc of vector fields X on M . It follows that the tangent space T(x,w)Ht of
Ht at any point (x,w) ∈ T ∗M , is generated by the vector fields of the form
αv + Xc which are orthogonal to gradf̄ with respect to ḡ, i.e. they should
satisfy the condition

α(ξ) ◦ p(x,w) + wx([X, ξ]x) = 0, for any (x,w) ∈ Ht,

which is equivalent to (ii). To prove (iv), we first note from (5) that the brack-
et of any two vector fields from {ec

1, . . . , e
c
n} vanishes at (x,w) ∈ Ht, since

∇ is torsion-free. Then, each vector ec
1, . . . , e

c
n satisfies (18). Also, each vec-

tor field from {αv
2, . . . , α

v
n, ec

1, . . . , e
c
n} satisfies (18) at the point (x,w) ∈ Ht.

Therefore, (iv) follows, since {αv
2, . . . , α

v
n, ec

1, . . . , e
c
n} is a linearly independent

system of (n−1) vectors tangent to Ht at any point (x,w) ∈ Ht and complete
the proof. �

Remark 8. The vector field ξc is not Killing on the whole manifold (T ∗M, ḡ),
as Lξc(E1, E1) is not everywhere zero. However, if we use the relations (3),
(4) and (9) to compute Lξc ḡ on the frame of Theorem 7 (iv), we obtain the
following:

Corollary 9. For any t ∈ R−{0}, the vector field ξc restricted to Ht is Killing.



C.-L. Bejan et al. Adv. Appl. Clifford Algebras

Now, we note that at any point of Ht, the vector fields 1

t
√

|b|ξ
c, Ek, Ek∗,

k = 2, n are tangent to Ht, (as they are all orthogonal to gradf̄ with respect
to ḡ). In the above construction (7), we stress that we have the freedom to take
α2, . . . , αn anyway, under the only condition that together with α1 the system
{α1, α2, . . . , αn} should be linearly independent and hence constitute a basis.
Since on Ht, we have α1(ξ) = w(ξ) = t �= 0, we may assume that 1

t ξ is dual to
α1 (and hence ξ is collinear with e1), which means in the above construction
α2, . . . , αn are taken such that αk(ξ) = 0. It follows that {e1 = 1

t ξ, e2, . . . , en}
is the dual basis of α1 = w,α2, . . . , αn. One can check that restricted to Ht,
the local system { 1

t
√

|b|ξ
c, Ek, Ek∗/k = 2, n} is orthogonal and from (4), this

local system is orthonormal on Ht. With this construction, we have proved
the following:

Proposition 10. For any t ∈ R − {0}, it follows that { 1

t
√

|b|ξ
c, Ek, Ek∗/k =

2, n}, is a local orthonormal frame of the hypersurface Ht.

Let Ric denote the Ricci tensor field of the natural Riemann extension
ḡ on T ∗M , and let S denote the Ricci tensor field of gt (the restriction of ḡ
to Ht). Then, we have the following:

Lemma 11. At any point (x,w) ∈ Ht, the Ricci tensor field Ric on T ∗M is
related by the Ricci tensor field S on Ht, by:

Ric(A,B) = S(A,B) − 1
bt2

ḡ(R̄(ξc, A)B, ξc) +
c

tb
ḡ(R̄(W,A)B, ξc)

+
c

tb
ḡ(R̄(ξc, A)B,W ) − c2

b
ḡ(R̄(W,A)B,W ) (20)

for any A,B tangent to Ht in (x,w).

Proof. At any point (x,w) ∈ Ht the orthonormal system { 1

t
√

|b|ξ
c, Ek, Ek∗ / k

= 2, n} is tangent to Ht, while the vector N = a

t
√

|b|gradf̄ is normal to Ht.

Moreover, from (19) and (4), one has ḡ(N,N) = a2

|b|t2 ḡ(gradf̄ , gradf̄) = − b
|b| .

Therefore, { 1

t
√

|b|ξ
c, Ek, Ek∗, N / k = 2, n} is an orthonormal basis at (x,w)

of T ∗M . Hence, at any point (x,w) ∈ Ht, under the above notations we have:

Ric(A,B) = S(A,B) − b

|b| ḡ(R̄(N,A)B,N)

= S(A,B) − a2

bt2
ḡ(R̄(gradf̄ , A)B, gradf̄). (21)

By using (19), we obtain (20) and we complete the proof. �

Theorem 12. Let Mn be a manifold with a symmetric linear connection ∇
whose Ricci tensor is skew-symmetric and let ḡ be the proper natural Riemann
extension on T ∗M . For any t ∈ R − {0}, the hypersurface Ht endowed with
the metric gt, (inherited from ḡ) is Einstein if and only if

7b = 8a. (22)
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Proof. From Theorem 7 (iv), we need to compute Ric and S for any pair of
vectors A,B at (x,w) ∈ Ht, where A,B are arbitrary taken from the basis
{αv

2, . . . , α
v
n, ec

1, . . . , e
c
n}. We use (10), (11), (12), (13), (14) and (15), in the

following instances:
Case 1: A = ec

k, B = ec
j , k, j = 1, n. By a long calculation, we obtain

Ric(ec
k, ec

j) = S(ec
k, ec

j) +
c

a
ḡ(ec

k, ec
j), k, j = 1, n.

From [11], we recall that under the hypothesis of theorem, we have

Ric(ec
k, ec

j) =
1
2

4a + (n − 1)b
a2

ḡ(ec
k, ec

j), k, j = 1, n.

Case 2: A = αv
k, B = ec

j , k = 2, n, j = 1, n. A long calculation gives

Ric(αv
k, ec

j) = S(αv
k, ec

j) +
c

4a
ḡ(αv

k, ec
j).

We recall from [11] that the above hypothesis yields

Ric(αv
k, ec

j) =
1
2

(n + 1)b
a2

ḡ(αv
k, ec

j).

Case 3: A = αv
k, B = αv

j , k, j = 2, n. We obtain

Ric(αv
k, αv

j ) = S(αv
k, αv

j ).

On the other side, one has:

Ric(αv
k, αv

j ) = 0 = ḡ(αv
k, αv

j ).

Hence, from the above three cases, we conclude

S(ec
k, ec

j) =
1
2

4a + (n − 1)b − 2ac

a2
ḡ(ec

k, ec
j), k, j = 1, n,

S(αv
k, ec

j) =
(2n + 1)b

4a2
ḡ(αv

k, ec
j), k = 2, n, j = 1, n,

S(αv
k, αv

j ) = 0, k, j = 2, n.

Hence, the restriction of ḡ to Ht is Einstein if and only if (22) is satisfied,
which complete the proof. �

Remark 13. (i) The family of Einstein hypersurfaces are obtained in the
Theorem 12 under the necessary and sufficient condition (22), which
depends only on the coefficients a and b of the natural Riemann exten-
sion, but it is independent on the parameter t ∈ R − {0}. Hence, the
condition (22) is the same for the whole family and does not depend on
the hypersurface chosen.

(ii) If M is a surface, then any hypersurface Ht, t ∈ R − {0}, is a three-
dimensional Lorentzian manifold with equal Ricci eigenvalues. For dis-
tinct Ricci eigenvalues, we cite [12].

(iii) A deformed Riemann extension is a semi-Riemannian metric which gen-
eralizes the natural Riemann extension, since in (4) the term bw(Xx)
w(Yx) is replaced by Φ(Xx, Yx), for any x ∈ M , where Φ is an arbitrary
symmetric (0,2)-tensor field, (see [3]). A further study would establish
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the conditions under which Theorem 12 can be generalized if the natural
Riemann extension is replaced with the deformed Riemann extension.
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